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A particularly interesting feature of nonrelativistic quantum mechanics is the monogamy laws of
entanglement. Although the monogamy relation has been explored extensively in the last decade,
it is still not clear to what extent a given entanglement measure is monogamous. We give here
a conjecture on the amount of entanglement contained in the reduced states by observing all the
known related results at first. Consequently, we propose the monogamy power of an entanglement
measure and the polygamy power for its dual quantity, the assisted entanglement, and show that
both the monogamy power and the polygamy power exist in any multipartite systems with any
dimension, from which we formalize exactly for the first time when an entanglement measure and
an assisted entanglement obey the monogamy relation and the polygamy relation respectively in a
unified way. In addition, we show that any entanglement measure violates the polygamy relation,
which is misstated in some recent papers. Only the existence of monogamy power is conditioned on
the conjecture, all other results are strictly proved.
PACS numbers: 03.67.Mn, 03.65.Ud.
Monogamy law of entanglement as one of the most
striking features in quantum world has been explored
ever since the distribution of three qubit state entan-
glement discovered by Coffman, Kundu, and Wootters
(CKW) [1–54]. It requires restricted shareability of en-
tanglement, i.e., the more two particles are entangled the
less this pair have entanglement with the rest, which sets
quantum correlation apart from classical correlations.
This feature has found potential applications in quantum
information tasks and and other areas of physics, such as
quantum key distribution [55–57], classifying quantum
states [58–60], condensed-matter physics [61–63], frus-
trated spin systems [64], statistical physics [65], and even
black-hole physics [66, 67].
Monogamy relation is displayed as an inequality quan-
titatively. We recall the monogamy inequality in a large
scale, namely, not only for the entanglement, but also
for any other bipartite quantum correlation measures.
Let E be a quantity that quantifying some bipartite cor-
relation. We denote the state of a multipartite system
with state space Ha ⊗Hb1 ⊗Hb2 ⊗ · · · ⊗Hbn := Hab by
ρab1b2···bn := ρab, dimHab < ∞. The set of all states
acting on Hab is denoted by Sab. E is said to be monog-
amous if
E(ρa|b) ≥
n∑
i=1
E(ρa|bi) (1)
holds for any ρab ∈ Sab, where the vertical bar denotes
the bipartite split across which it is computed. Or else,
it is polygamous.
In general, entanglement measure E always violates
Eq. (1) while Eα satisfies the monogamy relation for some
α > 1 [2, 5, 10, 16, 30, 31, 34, 35, 39, 41]. Recently, Ku-
mar showed in Ref. [41] that monogamy is preserved for
raising the power and polygamy is maintained for lower-
ing the power. Salini et al found that the monotonically
increasing function of any monotonic quantum correla-
tion can make all multiparty states monogamous [33].
This raises the following issues: For an arbitrarily given
entanglement measure E, can we find a simplest function
f such that f(E) is monogamous for all states? If so, how
can we determine the sharp one that leaves it monoga-
mous? In addition, the assisted entanglement, which is
a dual amount of entanglement measure, has shown to
be polygamous with respect to some entanglement mea-
sures, such as entanglement of assistance [24, 68], tangle
of assistance [4, 8], concurrence of assistance [8], Tsallis
entropy of assistance [51] and convex roof extended neg-
ativity of assistance [16]. Then, what about the issues
above for polygamy relation of assisted entanglement?
The main aim of this Letter is to address these is-
sues. We begin by observing all the known results about
monogamy relation of entanglement, from which we con-
jecture that: if the amount of entanglement in a multi-
partite state is equal to one of its reduced states, then all
the other reduced states are separable. Based on this con-
jecture, we concentrate on the simplest monotonically in-
creasing function f(x) = xα and then define the infimum
α such that Eα is still monogamous as monogamy power
of the given measure E. We also discuss the monogamy
of the convex roof extended Eα, denoted by E˜α, and the
relation between Eα and E˜α. The second part touches
on the dual relation of monogamy, i.e., the polygamy of
assisted entanglement Eβa , with the same approach but
dual to that of the monogamy for Eα.
For the one-way distillable entanglement Ed [69] and
the squashed entanglement Esq [70], the monogamy re-
lation holds for any tripartite systems [3]. This yields
that E(ρa|bc) = E(ρa|b), then E(ρa|c) = 0, for E = Ed
or E = Esq. He and Vidal proved in Ref. [36] that, if
N(|ψ〉a|bc) = N(ρa|b), then N(ρac) = 0, where N is the
negativity [71], |ψ〉abc is any tripartite pure state. In
2addition, all the results in Refs. [5, 9, 10, 13, 16, 20–
22, 30, 31, 34, 35, 41, 44, 46, 51](see Table I) display
the same characteristic. We thus present the following
conjecture.
Conjecture. Let E be an entanglement measure. If
E(ρa|b) = E(ρa|bio ) for some i0, then E(ρa|bi) = 0 for
any i 6= i0.
Conditioned on this conjecture, we give the first result
of this Letter. It confirms that for any given entangle-
ment measure E (no matter it is monogamous or not)
there exists α > 0 such that the power function Eα is
always monogamous, and the existence is irrespective of
both the number of subsystems and the dimensions.
Theorem 1. For any well-defined bipartite entangle-
ment measure E, there exist α > 0 such that
Eα(ρa|b) ≥
n∑
i=1
Eα(ρa|bi) (2)
holds for any ρab ∈ Sab.
Proof. Since E is an entanglement monotone, it is non-
increasing under partial traces, i.e., E(ρa|b) ≥ E(ρa|bi)
for any 1 ≤ i ≤ n. Let E(ρa|b) = x and E(ρa|bi) = yi,
1 ≤ i ≤ n. We assume with no loss of generality that
n = 2. By Conjecture, x > yi, i = 1, 2, or x = y1 and
y2 = 0, or x = y2 and y1 = 0, this guarantees that there
exists α > 0 such that xα ≥ yα1 + yα2 . 
That is, any entanglement E can deduce an quantity
Eα which satisfies the monogamy relation even though E
is not monogamous itself. For example, concurrence C is
not monogamous, but C2 is [5, 16] (also see in Table I).
We now expect to ascertain the domain of the power α
which admits the monogamy relation. Let ρab ∈ Sab and
E be bipartite normalized entanglement measure (i.e.,
0 ≤ E ≤ 1). It is shown in Ref. [41] that Er(ρa|b) ≥∑
iE
r(ρa|bi) implies E
α(ρa|b) ≥
∑
iE
α(ρa|bi) for α ≥
r ≥ 1. In fact, it is still valid for unnormalized entangle-
ment measure since (x + y)α ≥ xα + yα for α ≥ 1 and
x, y ≥ 0. That is, for any given entanglement measure
E, the corresponding minimal power index α reflects its
monogamy in nature. This motivates the following defi-
nition.
Definition 1. Let E be a bipartite entanglement mea-
sure. For a given multipartite system described by Hab,
we define the monogamy power of E by
α(E) : = inf{α : Eα(ρa|b) ≥
n∑
i=1
Eα(ρa|bi)
for all ρab ∈ Sab}, (3)
That is, α(E) is the infimum exponent for Eα(E) to be
monogamous for the given measure E. In fact, α(E) is
also dependent on the size of the systems (see in Table I).
All the known research results can imply that α(E) is
hard to compute due to the complexity of monogamy
relation especially for higher dimensions [36, 37, 40, 42,
53, 54]. From Table I, we may conjecture that α(E)
will largen with the increasing of the dimension of the
subsystems.
Reference [41] also showed that Qr(ρa|b) ≤∑
iQ
r(ρa|bi) implies Q
α(ρa|b) ≤
∑
iQ
α(ρa|bi) for α ≤ r,
where Q is any given normalized bipartite correlation
measure. However, it is conditioned on the given state, it
is not true for all states if Q is an entanglement measure.
For example, we consider the following pure state
|ψ〉ab =
k−1∑
j=0
λj |e(0)j 〉|e(1)j 〉 · · · |e(n)j 〉, (4)
where {|e(0)j 〉} is an orthonormal set in Ha, and {|e(i)j 〉}
is an orthonormal set of Hbi ,
∑
j λ
2
j = 1, λj > 0,
k ≤ min{dimHa, dimHb1 , . . . , dimHbn}, i = 1, 2, . . . ,
n, n ≥ 3 (these states admit the multipartite Schmidt
decomposition [72, 73]). We always have E(|ψ〉a|b) > 0
while E(ρa|bi) = 0 for all 1 ≤ i ≤ n. On the other hand,
for the three qubit state
|φ〉ab = 1√
5
(
√
2|100〉+
√
2|110〉+ |111〉), (5)
we can easily calculate that C(|φ〉a|b) ≈ 0.9798,
C(ρa|b1) ≈ 0.5656 and ρa|b2 is separable. This give rise
to the following theorem.
Theorem 2. For any well-defined bipartite entangle-
ment measure E, there does not exist β such that
Eβ(ρa|b) ≤
n∑
i=1
Eβ(ρa|bi) (6)
hold for any ρab ∈ Sab.
For 2⊗ 2⊗ 2m systems, m ≥ 1, it is shown in Ref. [35]
that Nβ(|ψ〉a|b) ≤ Nβ(ρa|b1)+Nβ(ρa|b2) and Eβ(ρa|b) ≤
Eβ(ρa|b1) + E
β(ρa|b2) for E = Ncr or E = Ef whenever
β ≤ 0. However, these statements are not true from the
states in Eq. (4).
Kumar proved in Ref. [41] that, if E is a normal-
ized convex roof extended bipartite entanglement mea-
sure and monogamous for pure state, then E and E2 are
monogamous for mixed states. (Here, we call E is con-
vex roof extended if E(ρab) := inf{pi,ψi}
∑
i piE(|ψi〉) for
any mixed state ρab ∈ Sab provided that E is originally
defined for pure states, where the infimum is taken over
all possible ensembles {pi, |ψi〉} of ρab.) We can derive
more indeed.
Proposition 1. Let E be a convex roof extended bipar-
tite entanglement measure. If it is monogamous for pure
state, then Eα is monogamous for both pure and mixed
states for any α ≥ 1.
Proof. By Theorem 4 in Ref. [41], the monogamy of E
for pure state implies E is monogamous for mixed state
(note that it is also true without the normalized condi-
tion). Then the monogamy of Eα is straightforward since
α ≥ 1. 
3TABLE I: The comparison of the monogamy power of sev-
eral entanglement. We denote the one-way distillable entan-
glement, concurrence, negativity, convex roof extended nega-
tivity, entanglement of formation, tangle, squashed entangle-
ment, Tsallis-q entanglement and Re´nyi-α entanglement by
Ed, C, N ,Ncr, Ef , τ , Esq, Tq and Rα, respectively.
E α(E) system reference
Ed ≤ 1 any system [3]
C ≤
√
2 2⊗n [30]
≤ 2 2⊗ 2⊗ 2m [5]
≤ 2 2⊗n [5]
> 2 3⊗3 [9]
≤ 2 2⊗ 2⊗ 4 [21]
> 3 3⊗ 2⊗ 2 [13]
N ≤ 2 2⊗n [10, 35]a
≤ 2 2⊗ 2⊗ 2m [35]a
≤ 2 d⊗ d⊗ d,d = 2, 3, 4 [36]
Ncr ≤ 2 2⊗n [16, 34, 35]
Ef ≤ 2 2⊗n [31, 41]
≤
√
2 2⊗n [30]
τ ≤ 1 2⊗ 2⊗ 4 [21]
Esq ≤ 1 any system [3]
Tq, 2 ≤ q ≤ 3 ≤ 1 2⊗n [51]
Tq ≤ 2 2⊗ 2⊗ 2m [46]b
Rα, α ≥ 2 ≤ 1 2⊗n [20, 22]
Rα, α ≥
√
7−1
2
≤ 2 2⊗n [44]c
aFor pure states.
bFor mixed states, and q ∈ [ 5−
√
13
2
, 2] ∪ [3, 5+
√
13
2
].
cFor mixed states.
For convenience and completeness, we list below the hi-
erarchical monogamy relations which have been proposed
in Refs. [1, 5, 38, 41]. Based on this hierarchy, we only
need to consider monogamy relations for the tripartite
case in nature.
Proposition 2. [1, 5, 38, 41] Let E be a convex roof ex-
tended bipartite entanglement measure. If Eα is monog-
amous for any tripartite system, then Eγ is monogamous
for any n-partite system n ≥ 3 and any γ ≥ α. If E is
monogamous for all tripartite pure states in d ⊗ d ⊗ d′
system, d′ = dm, 2 ≤ m ≤ n− 2, then it is monogamous
for all d⊗n states.
A natural question is whether the convex roof extended
measure deduced from Eα is monogamous too? For sim-
plicity, if E is a bipartite entanglement measure, we de-
fine
E˜α(|ψ〉ab) := Eα(|ψ〉ab) (7)
for any pure state |ψ〉ab ∈ Ha ⊗Hb and
E˜α(ρab) := inf
{pi,ψi}
∑
i
piE˜
α(|ψi〉), ρab ∈ Sab, (8)
where the infimum is taken over all possible ensembles
{pi, |ψi〉} of ρab. For example, C˜2 = τ and N˜ = Ncr.
Proposition 3. If E˜α is monogamous for pure states,
then it is also monogamous for mixed states.
Proof. We only need to check it for the tripartite case.
Let ρab be any given mixed state in Sab. For any ǫ > 0,
there exits an ensemble {pi, |ψi〉} such that E˜α(ρa|b) ≥∑
i piE˜
α(ρ
(i)
a|b) − ǫ, where ρ
(i)
ab = |ψi〉〈ψi|. It follows
that E˜α(ρa|b) ≥
∑
i piE˜
α(ρ
(i)
a|b)− ǫ ≥
∑
i pi[E˜
α(ρ
(i)
a|b1
) +
E˜α(ρ
(i)
a|b2
)] − ǫ ≥ E˜α(ρa|b1) + E˜α(ρa|b2) − ǫ. Therefore,
E˜α(ρa|b) ≥ E˜α(ρa|b1) + E˜α(ρa|b2) since ǫ is arbitrary. 
Note that the monogamy of Eα for pure states does
not imply Eα is monogamous for mixed states if E is not
a convex roof extended measure in general. For the case
of α = 2, the monogamy of E˜2 is stronger than E2.
Proposition 4. Let E be a convex roof extended bipar-
tite entanglement measure. If E˜2 is monogamous, then
so is E2.
Proof. We only need to prove E2 ≤ E˜2. Let ρab be any
state in Sab. For any ǫ > 0, there exists {pi, |ψi〉} such
that ρab =
∑
i
pi|ψi〉〈ψi| and E˜2(ρab) ≥
∑
i
piE
2(|ψi〉) −
ǫ. Then we have E2(ρab) ≤ [
∑
i
piE(|ψi〉)]2 =
[
∑
i
√
pi
√
piE(|ψi〉)]2 ≤ [
∑
i
pi][
∑
i
piE
2(|ψi〉)] ≤ E˜2(ρab)+
ǫ, which establishes the inequality E2 ≤ E˜2 since ε is ar-
bitrary. 
For example, the 2⊗2 pure state |ψ〉, C(|ψ〉) = N(|ψ〉),
so we have
N˜2(ρa|bc) ≥ N˜2(ρa|b) + N˜2(ρa|c) (9)
for any three-qubit state ρabc (note that N˜
2 = N˜2cr).
Therefore
N2cr(ρa|bc) ≥ N2cr(ρa|b) +N2cr(ρa|c) (10)
as discussed in Ref. [16, 34], which is more clear from
Proposition 4. However, the converse of Proposition 4
may be not true. It is worth noticing that E˜α is not a
entanglement measure since the concavity of a function
f(ρa) := E(|ψ〉ab) can not guarantee fα is concave in
general under the scenario in Ref. [74].
The rest of this Letter will devote to discuss the
polygamy of the assisted entanglement, i.e., the dual
concept of monogamy of entanglement. We present the
discussion following the frame of monogamy part above.
Recall that, the first assisted entanglement is the entan-
glement of assistance which is dual quantity of the en-
tanglement formation [68]
Ef a(ρab) = sup
{pi,|ψi〉}
∑
i
piEf (|ψi〉), ρab ∈ Sab, (11)
where the supremum is taken over all ensembles {pi, |ψi〉}
of ρab. In general, for any given bipartite entanglement
4measure E, the corresponding assisted entanglement is
defined by
Ea(ρab) = sup
{pi,|ψi〉}
∑
i
piE(|ψi〉), ρab ∈ Sab. (12)
We firstly show that some power of Ea can be polyga-
mous, which reveals the dual property of the entangle-
ment measure E.
Theorem 3. For any bipartite entanglement measure
E, there exist β > 0 such that
Eβa (ρa|b) ≤
n∑
i=1
Eβa (ρa|bi) (13)
holds for any ρab ∈ Sab.
Proof. We assume with no loss of generality that n =
2. If ρab = |ψ〉ab〈ψ| and it is a|b separable, it is clear
for any β > 0. It remains to show that Ea(ρabi) > 0
for any mixed state ρabi , i = 1, 2, since there always
exists β > 0 such that xβ ≤ yβ1 + yβ2 for and x ≥ 0
and yi > 0. Let ρabi =
∑
j λj |ψ(i)j 〉〈ψ(i)j | be its spectrum
decomposition. If there exists |ψ(i)j0 〉 is entangled for some
j0, then Ea(ρabi) > 0. Or else, we assume that all |ψ(i)j 〉s
are separable. Without losing of generality, let ρabi =∑2
j=1 λj |j〉|j〉〈j|〈j|, then ρabi can be rewritten as ρabi =
|ψ1〉〈ψ1| + |ψ2〉〈ψ2|, where |ψ1〉 = cd|1〉|1〉 + e|2〉|2〉 and
|ψ2〉 = d|1〉|1〉 + ce|2〉|2〉 (here, |ψ1,2〉 is unnormalized)
with (1 + c)d2 = λ1 and (1 + c)e
2 = λ2. This reveals
Ea(ρabi) > 0. 
Conversely, we conjecture that there is no monogamy
relation for the assisted entanglement since Ea is not a
well-defined entanglement measure in general [76]. On
the contrary to monogamy preserving for rasing power,
the polygamy of Eβa can also be preserved when we
lower the power from Theorem 2 in Ref. [41]: Let
ρab ∈ Sab and Ea be a bipartite assisted entangle-
ment. Then Eβa (ρa|b) ≤
∑
i E
β
a (ρa|bi) implies E
γ
a (ρa|b) ≤∑
iE
γ
a (ρa|bi) for 0 ≤ γ ≤ β. (Note that, in Ref. [41], the
bipartite correlation measure Q is assumed to be normal-
ized. However this condition is not necessary, which can
also be checked easily following the argument therein.)
The argument above thus guarantee that the following
concept is well-defined.
Definition 2. Let E be a bipartite entanglement mea-
sure. For a given multipartite system described by
Ha ⊗Hb1 ⊗Hb2 ⊗ · · · ⊗Hbn , we call
β(Ea) : = sup{β : Eβa (ρa|b) ≤
n∑
i=1
Eβa (ρa|bi)
for all ρab ∈ Sab} (14)
the polygamy power of the assisted entanglement Ea, i.e.,
β(Ea) is the supremum for E
β(E) to be polygamous for
the given entanglement measure E.
TABLE II: The comparison of the polygamy power of several
assisted entanglement.
Ea β(Ea) system reference
Ca ≥ 2 2⊗3 [4, 8]a
Na ≥ 2 2⊗n [16]a
Efa ≥ 1 any systems [17, 24]
τa ≥ 1 2⊗n [19]
Tqa, q ≥ 1 ≥ 1 any system [51, 77]
aFor pure states.
Together with Definition 1, the pair (α(E), β(Ea)) re-
flects the shareability of entanglement for E completely.
This pair of power indexes advances our understanding of
multipartite entanglement although theses quantities are
difficult to calculate. In addition, some related problems
are straightforward: Is there a close connection between
α(E) and β(Ea)? Is β(Ea) dependent on the size of state
space? These issues deserve further study (some known
examples are listed in Table II). At last, we put forward
some conclusions corresponding to Propositions 1-4.
Proposition 5. Let Ea be an assisted bipartite entan-
glement measure. If it is polygamous for pure state, then
Eβa is polygamous for both pure and mixed states for any
0 ≤ β ≤ 1.
Proposition 6. Let E be a convex roof extended bi-
partite entanglement measure. If Eγa is polygamous for
any tripartite system, then Eβa is polygamous for any
n-partite system n ≥ 3 and any 0 ≤ β ≤ γ. If E is
polygamous for all tripartite pure states in d⊗d⊗d′ sys-
tem, d′ = dm, 2 ≤ m ≤ n− 2, then it is polygamous for
all d⊗n states.
We now consider the convex roof extended of Eβa . For
any given entanglement measure E, with the dual idea
of E˜α in mind, E˜βa is defined similar as E˜
α by replacing
the inf by sup for mixed states in Eq. (8) and leaving the
pure states invariant. As one may expected, E˜βa have the
following properties.
Proposition 7. If E˜βa is polygamous for pure states,
then it is also polygamous for mixed states.
Proof. Analogy to Proposition 3, we only need to check
it for the tripartite case. Let ρab be any given mixed
state in Sab. For any ǫ > 0, there exits an ensemble
{pi, |ψi〉} such that E˜βa (ρa|b) ≤
∑
i piE˜
β
a (ρ
(i)
a|b)+ ǫ, where
ρ
(i)
ab = |ψi〉〈ψi|. Then E˜βa (ρa|b) ≤
∑
i piE˜
β
a (ρ
(i)
a|b) + ǫ ≤∑
i pi[E˜
β
a (ρ
(i)
a|b1
)+E˜βa (ρ
(i)
a|b2
)]+ǫ ≤ E˜βa (ρa|b1)+E˜βa (ρa|b2)+
ǫ, which complete the proof. 
Proposition 8. If E2a is polygamous, then so is E˜
2
a.
Proof. It is sufficient to prove E2a ≤ E˜2a for mixed
states. Let ρab be any state in Sab. For any ǫ >
0, there exists {pi, |ψi〉} such that ρab =
∑
i
pi|ψi〉〈ψi|
and Ea(ρab) ≤
∑
i
piE(|ψi〉) + ǫ. Then we have
5E˜2a(ρab) ≥
∑
i
piE
2(|ψi〉) = [
∑
i
pi][
∑
i
piE
2(|ψi〉)] ≥
[
∑
i
√
pi
√
piE(|ψi〉)]2 = [
∑
i
piE(|ψi〉)]2 = (Ea(ρab) − ǫ)2,
which yields E2 ≤ E˜2. 
In conclusion, we depicted the monogamy relation for
entanglement and the polygamy relation for assisted en-
tanglement in terms of the monogamy power and the
polygamy power respectively. The monogamy power is
the accurate critical value for the powers of entanglement
measure to be monogamous while the polygamy power is
that of the assisted entanglement. We showed the ex-
istence of theses two power indexes (The former one is
conditioned on the Conjecture. It is true at least for
the known systems, for example, the multiqubit system,
and also true for Ed, Esq and Ncr irrespective of the sys-
tems, even though it may be false for other entanglement
measures of higher dimension systems). This improves
the results in Ref. [33] that based on the monotonically
increasing functions of quantum correlations, the gen-
eral function f(E(ρab1), E(ρab2)) proposed in [42] and the
polynomial relation (for negativity) [54], which can not
lead to such an exact value. Therefore, the monogamy
and polygamy problems are reduced to find the criti-
cal values, i.e., the monogamy power and the polygamy
power. We thus established, on general grounds, a new
sketch of analyzing both the entanglement measure it-
self and the distribution of entanglement. Of course, our
approach can also be applied to studying other bipartite
quantum correlation measures, such as quantum discord
[78], quantum deficit [79], measurement-induce nonlocal-
ity [80], quantum steering [81], etc.
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